I. Introduction
ELAMINATION is one of the most critical type of damage in laminated fiber-composites, and it is relevant also in term of skin-stiffener separation in the case of stiffened structures. It is usually difficult to detect and it can bring severe loss in mechanical properties of the component. Furthermore, it can rapidly grow under service loading condition, leading to the sudden collapse of the structure [1, 2] .
The estimation of fatigue life of a composite structure remains still a challenge, due to the complexity of the mechanisms involved in the phenomenon. Most of the existing methodologies for the prediction of delamination growth under fatigue loading are based on the Paris law [3] :
where a is the crack length, N is the number of cycles, ΔG is the variation of the Energy Release Rate (G) during the load cycle, and C and m are experimentally determined parameters which depend on the material and on the load conditions. The Paris law, initially developed for fatigue crack evolution in metallic materials, relates the crack growth rate (da/dN) to G. Although ΔG has been widely used to characterize fatigue delamination growth, Rans et al. pointed out in [4] that it can result in an erroneous interpretation of experimental data since it violates the principle of similitude. Based on the analogy with the stress intensity factor variation (ΔK), adopted for fatigue crack growth in metal, the parameter ((G max ) 0.5 -(G min ) 0.5 ) 2 provides a better characterization of the material behavior.
However, for the purpose of this work, ΔG has been considered adequately accurate.
The numerical approaches for the analysis of delamination under fatigue load can be divided in two categories:
Fracture Mechanics and Damage Mechanics [5] . Fracture Mechanics methods are based on the direct application of the Paris law in combination with a procedure for the evaluation of the Energy Release Rate, as the Virtual Crack Closure Technique (VCCT) [6] [7] [8] [9] [10] [11] [12] . In Damage Mechanics approaches the degradation of the material interface is described by the evolution of one or more damage variables, and the Cohesive Zone Model (CZM) is adopted to represent the fracture [13] [14] [15] [16] [17] .
CZM approaches have been widely used in literature for the simulation of interface damage growth under static or impact loading conditions [18] [19] [20] [21] . They offer several advantages over the traditional approaches based on Fracture Mechanics, such as the capability to model damage initiation and overcome the difficulties in the D simulation of interface crack between different materials and not self-similar crack growth [22] [23] [24] . Lately, CZM have been extended to take into account the effect of cyclic loading by introducing, in addition to the quasi-static formulation, a criterion for the evolution of the damage variable with the number of cycles, which relates the stiffness degradation of the interface to the crack growth rate computed from the Paris law. Usually, for fatigue problems, the CZM approach is implemented together with the "envelope load method" [5] , that, instead of simulating the whole variation of the load for each cycle, models only the maximum load of a single cycle. The load variation is taking into account using a predefined parameter, usually the applied (external) load ratio, which is the ratio between the minimum and the maximum applied load during a single fatigue cycle (R = P min /P max ).
The use of the applied load ratio to represent the load variation during the fatigue cycle is one of the main limitations in adopting the envelope load method. Indeed, the crack propagation rate is highly dependent on the local stress ratio, which is the ratio between the minimum and the maximum value of the stress at the crack tip or, alternatively, the square root of the ratio between the minimum and the maximum value of the energy release rate (R Local = σ min /σ max = (G min /G max ) 0.5 ). Simulating the structure only in the maximum load configuration does not provide any information regarding the deformed shape nor the state of stress at the crack tip when the structure is subjected to the minimum load, then it is not possible to determine the actual value of the local stress ratio.
Hence, for the evaluation of the crack growth rate with the Paris law equation, it is assumed that local stress ratio is equal to the applied (external) load ratio and that it remains constant during the duration of the analysis.
However, the local stress ratio may or may not be equal to the applied (external) load ratio [25] and can change during the damage evolution and along the delamination front. This can happen, for example, when two or more non-synchronized loads act simultaneously on the structure, when stiffened structures are tested in post-buckling load fatigue conditions, where the buckling mode shape may change between the maximum and the minimum load of the fatigue cycle, or when the structure oscillates between pre-and post-buckling conditions during the fatigue load [26, 27] . In all these situations the local stress ratio is different from the applied load ratio and cannot be predicted in advance. The objective of this work is to develop a methodology based on the Finite Element (FE) method and on the CZM able to dynamically acquire the local stress ratio along the delamination front and during the evolution of the damage, and shows how the evaluation of this parameter is essential to correctly evaluate the fatigue crack growth rate. In this work, only tension-tension fatigue conditions are considered, since load reversal and negative stress ratio would require additional considerations on the effects of crack closure and contact on delamination propagation.
The paper is organized as follows. In Section III, the fatigue damage model based on cohesive element adopted in this work is briefly described, while in Section IV the theory behind the proposed numerical approach, called "Min-Max Load Approach", and its implementation in the FE code ABAQUS [28] are presented. In Section V the methodology is, at first, validated with results of Double Cantilever Beam (DCB) and Mixed-Mode Bending (MMB) tests taken from literature [8] [9] [10] , and then applied to a specimen with loading and boundary conditions designed to produce a local stress ratio different from the applied load ratio and which can change during the propagation of the damage. Finally, conclusions are reported.
II. Quasi-Static and Fatigue Cohesive Model
Cohesive elements have been developed in the last decades to simulate the initiation and propagation of delamination under quasi-static loading conditions using FE. The cohesive law relates tractions to the separation at the interface where the crack propagation occurs. After an initial elastic part defined by the penalty stiffness, K, the damage initiation displacement (Δ 0 ) is related to the interfacial strength of the material (τ 0 ), while the final displacement (Δ f ) is defined by the Critical Energy Release Rate (G C ), which represents the area under the softening curve ( Fig.1 ).
Fig. 1 Constitutive response for traction-separation cohesive elements.
The loss of stiffness of the cohesive element is directly related to the evolution of a damage variable (d), which can be calculated from Eq. (2).
CZM formulation has been extended to simulate also fatigue damage propagation. In this work, the fatigue constitutive model developed by Turon et al. [14] has been adopted. The model of Turon is based on the "envelope load method" and uses the applied load ratio to take into account the load variation. The evolution of the cohesive damage can be expressed for a general loading history as sum of a component related to the quasi-static damage (d s ) and one related to the fatigue damage (d f ), as shown in Eq.
(3):
The part related to the quasi-static damage (∂d s /∂N) is evaluated according to Eq. (2), while the fatigue damage rate (∂d f /∂N) defines the evolution of the damage variable as a function of the number of cycles, and, referring to Fig. 1 , is formulated as follow:
where l CZ is the length of the cohesive zone and da/dN is the Crack Growth Rate, defined as a piecewise function using the Paris law:
,
where G th is the energy release rate fatigue threshold. The variation of the energy release rate (∆G) is calculated using the constitutive law and the applied load ratio:
In order to avoid a cycle-by-cycle analysis, the model adopts a cycle-jump strategy, considering the number of cycles that can be jumped without expecting any relevant change in the damage state. The damage at each cycle
where d J i+∆N i is the damage variable at integration point J at cycle N i+∆Ni , di J is the damage variable at integration point J at cycle N i , ∂d J i /∂N is the damage rate at integration point J at cycle N i evaluated using Eq. (4), and ∆N i is the number of cycle that can be jumped. The cycle jump is evaluated in order to maintain a fixed level of accuracy during the analysis. In particular, it corresponds to the number of cycles that ensure a maximum variation of the damage variable inside the cohesive element layer equal to ∆d max , which is a fixed parameter defined by the user and represents the sensitivity of the analysis. The smaller the value of ∆d max is, the higher is the accuracy of the simulation. As shown in Eq. (7), the cycle jump is calculated, at the cycle N i , dividing ∆d max by the maximum value of the damage rate among all the integration points of the cohesive elements.
III. Min-Max Load Approach
In order to dynamically capture the local stress ratio it is necessary to have information about the deformed shape of the structure when it is at the minimum and at the maximum load of the fatigue cycle. The idea of the technique developed in this work, called "Min-Max Load Approach", is to perform a single simulation with two models representing the same structure but with different applied loads. Fig. 2 shows the example of a Double Cantilever Beam (DCB) subjected to a sinusoidal load. Instead of analyzing all the fatigue cycles, two identical models are created and analyzed at constant load. One model simulates the deformed shape of the structure when the applied load is equal to the minimum value of the fatigue cycle, and the other one represents the deformed configuration of the specimen at the maximum load. The fatigue calculations, based on the constitutive model described in the previous section, are performed on the model representative of the maximum load configuration, which, instead of using the applied load ratio, takes the value of the energy release rate from the minimum configuration to calculate the local stress ratio and the crack growth rate according to the Paris law equation. On the other hand, the minimum load configuration requires information regarding the damage state in the cohesive layer to update the crack front. These data are exchanged at the beginning and at the end of each cycle-jump, as illustrated in The proposed approach is implemented in the finite element code ABAQUS. The structure is discretized and a mirror copy is performed. This results in two identical finite element models subjected to the minimum and the maximum loads, respectively.
In order to identify the two configurations during the analysis, each element belonging to one configuration has the same number of the corresponding element in the other configuration but with a constant offset ( Fig. 3 ).
Fig. 3 FE application of Min-Max Load Approach.
The fatigue damage model is implemented by means of a User Material Subroutine [28] (UMAT). The subroutine, written in Fortran language, is called at each integration point during each load increment of the non- 
IV. Results and Discussion
Numerical simulations have been performed to analyze and validate the response of the developed fatigue approach for crack propagation under pure mode I and mixed-mode condition (I/II) at different range of the energy release rate. Then, to demonstrate its effectiveness, a numerical investigation has been carried out on a specimen whose boundary and loading conditions are designed to produce a local stress ratio which can change during the propagation of the damage and which is different from the applied load ratio. 
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A. Simulation of DCB Test
Numerical simulations have been conducted on a DCB specimen to investigate fatigue crack growth under pure mode I loading. The geometrical characteristics and the material properties of the specimen, taken from literature [8] , are shown in Fig. 5 and Table 1 , respectively. The two FE models, representing the DCB subjected to the minimum and the maximum loads, are discretized using 2D plane strain elements and 4-node cohesive elements with zero-thickness. Each arm of the DCB specimen is modeled with three elements through the thickness and, to guarantee an accurate representation of the cohesive process zone, an element length of 0.05 mm is adopted in the propagation region while a coarser discretization is used for the remaining part of the structure. The displacement is applied directly to the nodes at the tip and the analysis is divided in two steps. In the first quasi-static step, the displacement at each arm tip is increased up to the maximum and minimum values of the fatigue cycle, and only the static damage is taken into account. In the second step, the displacement is kept constant and the fatigue calculation are performed, according to Eq. (3) and Eq. (4). The deformed shapes of the two structures at the beginning of the fatigue analysis step are shown in Fig. 6 , together with enlargements of the crack tip region at the beginning and at the end of the simulation performed at maximum opening displacement of 1.34 mm and applied load ratio R = 0.1. In Fig. 6 , the cohesive elements completely damaged are displayed in red and, comparing the two crack fronts at the end of the fatigue simulation, it is possible to appreciate how the structure subjected to the minimum load keeps track of the crack propagation by acquiring the damage state of each cohesive element from the corresponding element belonging to the structure subjected to the maximum load. As a result, the cohesive zone lengths of the minimum and maximum models are the same between the two models during the whole analysis.
In order to validate the numerical results, the Corrected Beam Theory (CBT) [29] is adopted to obtain an analytical solution for the problem under consideration. The CBT method starts from the Simple Beam Theory, which considers each arm of the specimen as a linear cantilever beam, but in addition it takes into account shear deformation and local deformation around the crack tip.
According to the Linear Elastic Fracture Mechanics theory the energy release rate at the crack tip can be evaluated as follow:
where P is the applied load, b the width of the specimen and C is the compliance of the specimen (δ/P), function of the delamination length a. The CBT allows to evaluate the load-displacement relation for the DCB: where P I is the applied load, δ I is the opening displacement, h is half of the thickness of the specimen and 
The Paris law can be now integrated between the initial delamination length (a 0 ) and a generic length (a) to evaluate the number of cycles required for the crack to propagate up to that size, as shown in Eq. (13). 
In Fig. 7 the crack length as function of the number of cycles obtained from the numerical analyses at two values of the applied load ratio, is compared to the analytical solution and to the simulation performed adopting the fatigue crack growth analysis capability available in ABAQUS/Standard. This procedure allows to simulate delamination propagation in a structure subjected to a constant amplitude fatigue load, taking into account for change of contact conditions and geometric nonlinearities. It is based on the direct application of the Paris law using the VCCT equations for the calculation of the energy release rate. A 2D FE model is realized, made of two layers of plane strain elements with coincident nodes along the interface. Each layer is composed of three elements through the thickness while an element length of 0.5 mm is adopted at crack tip and in the propagation area.
The results of the different numerical approaches are in excellent agreement with each other, while the small deviations from the analytical predictions are due to the linear formulation of the analytical model.
For an applied load ratio equal to 0.1, the delamination length changes from an initial value of 30.5 mm to a final length of 37.5 mm at about 3,000,000 cycles, when the energy release rate at the crack tip is below the threshold value and the crack stops propagating.
The effect of changing the applied load ratio has been investigated by simply increasing the displacement of the minimum load model to half the maximum displacement, resulting in an applied load ratio equal to 0.5. When the load ratio is increased, a reduction of the propagation velocity is obtained, as it can be observed in Fig. 7 . 
B. Simulation of MMB Test
In order to investigate delamination propagation in mixed-mode conditions, the Mixed-Mode Bending (MMB) test has been simulated taking the specimen data from literature [10] . The geometrical characteristics and the material properties of the specimen with a 20% mixed-mode ratio are shown, respectively, in Fig. 8 and Table 2 . The FE model is realized using the same discretization adopted for the DCB presented in the previous subsection. The load fixture is modeled using rigid beam elements and connected to the structure with multipoint constraints (MPCs). In particular, the front node of the specimen is tied to the lever, while for the point in the center, only the relative sliding is allowed. The load is applied by enforcing a prescribed displacement on the loading point of the lever.
The results obtained from the numerical simulation in terms of deformed shape and damage propagation are shown in Fig. 9 for maximum displacement of 1.27 mm and applied load ratio R = 0.1. By observing the deformed crack tip in Fig. 9 , it is evident the presence of a sliding component in the opening displacement of the delamination, and, also in this case, it can be noted that the developed algorithm is able to transfers the damage state of the cohesive interface elements between the two models. 
CYCLE NUMBER
As shown in Ref. [30] , it is possible to derive an analytical formulation of the problem using the CBT and considering the MMB as a superposition of pure mode I and mode II loadings (Fig. 10 ).
Fig. 10 MMB specimen as a superposition of pure mode I and mode II loadings.
The total load applied to the lever can be decomposed in pure mode I and mode II loads, according to the length of the lever (c): (14) Similarly, also the displacement can be seen as a combination of mode I and mode II displacements: 
Substituting the expression of the energy release rate in Eq. (13), the fatigue life of the MMB specimen can be numerically evaluated.
In Fig. 11 , the crack length variation as function of the number of cycles is compared with the results obtained from the VCCT approach implemented in ABAQUS and with analytical solution.
Fig. 11 MMB 20% fatigue crack propagation.
The delamination growth becomes significant around 4,000 cycles and then the crack starts to grow steadily.
Also in this case, the numerical results obtained using the proposed approach are in an excellent agreement with the results of the VCCT analysis and the analytical predictions.
C. Modified MMB Test
The results of the simulations performed in the previous subsections have shown very good agreement with the analyses performed using the VCCT approach implemented in ABAQUS. Apparently, no advantages are obtained using the "Min-Max Load Approach" because, for the specimens previously considered, the applied load ratio is always equal to the local stress ratio. However, they have been analyzed to prove that the approach is able to simulate the propagation of the delamination and to correctly predict the stress ratio without giving this value as input in the constitutive model.
The "Min-Max Load Approach" has been then applied to a specimen in which the local stress ratio is not equal to the applied load ratio, cannot be predicted in advance, and can change during the propagation of the delamination.
In order to meet these requirements, a modified MMB test has been considered, with the same geometrical characteristics and boundary conditions reported in the previous subsection in Fig. 8 and Table 2 . In the classic MMB test, the load or displacement is applied by means of a lever which distributes the load into a mode I and a mode II bending component in a ratio which depends on the length of the lever. In the modified version of the MMB shown in Fig. 12.   Fig. 12 Modified MMB specimen.
Two identical models have been realized and analyzed in the same analysis at constant load. In particular, one model simulates the behavior of the structure when subjected to the maximum load, which means that a mode I displacement, equal to the maximum value of the displacement during the fatigue cycle (δ I MAX ), is applied together with the mode II displacement (δ II ). On the other hand, the model representing the minimum load configuration is characterized by a mode I displacement equal to the minimum value of the displacement during the fatigue cycle (δ I MIN ) and a mode II displacement (δ II ) equal to that applied on the maximum load configuration. The two configurations with the boundary and loading conditions are summarized in Fig. 13.   Fig. 13 Min-Max Load Approach for modified MMB specimen. 
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To take into account the variation of the local stress ratio into the constitutive damage model, a semi-empirical fatigue delamination growth law has been adopted in this work. The equation, proposed by Allegri et al. [31] and validated using experimental data available in literature, describes the effect of mode-mixity and load ratio on the delamination growth rate with a single formula and only three independent material parameters. The adopted fatigue delamination growth law is valid only for positive values of the stress ratio, therefore load reversal is not taken into account in the model. Besides, it is based on the assumption that the stress ratio and the mode-mixity only affect the slope of the fatigue delamination growth rate (da/dN) curve as function of the normalized energy release rate (G max /G C ), as shown in Eq. (19):
where ϕ is the mode-mixity (ϕ = G IImax /G max ) and G max is the peak value of the energy release rate, defined as the sum of the maximum values of mode I and mode II energy release rate components:
The value α(ϕ) is a function of the mode-mixity and of the fracture toughness G C (ϕ):
The mixed-mode fracture toughness can be expressed using the formula proposed by Benzeggangh and Kenane [32] :
The factor C, the exponent b 0I and the coefficient h are material dependent parameters, evaluated using several sets of experimental data on the material IM7/8552 and are reported in Table 3 [31] . investigate how the addition of a constant load (δ II ) during the entire fatigue cycle, from the minimum to the maximum load, affects the local stress ratio and therefore the propagation of the crack. In Table 4 the loading conditions adopted for the three performed analyses are summarized. The deformed shape obtained by the first analysis is reported in Fig. 14. It can be observed that, even when the fatigue displacement reaches the minimum value, the structure is still loaded due to the presence of the constant displacement δ II . In Fig. 15 the values of the crack length variation are reported in function of the number of cycles for all three performed analyses. As expected, increasing the mode II displacement (δ II ) leads to higher delamination length due to the increase of the total applied energy release rate. Once again it is possible to adopt the CBT to obtain an analytical formulation for the problem under consideration. The equations for the modified MMB specimen are similar to those derived for the MMB specimen in the previous subsection. The structure behavior can be represented by a superposition of pure mode I and mode II loadings but in this case, the two components are not related to each other due to the absence of the lever, as shown in Fig. 16 . 
In Fig. 17 the crack length variation as a function of the number of cycles is compared with the analytical solution for all the performed analyses. In order to prove the effectiveness of the approach proposed in this paper, in Fig. 17 the results are also compared with numerical simulations and analytical solutions obtained without performing the calculation of the local stress ratio. Basically, in these analyses the minimum value of the energy release rate is ignored and it is assumed that the local stress ratio is constant and equal to the applied load ratio (R Local = 0.1), as it is typically done in the current available approaches. For all the performed analyses, the crack length predicted using the actual value of the local stress ratio is always smaller than the one obtained considering its value equal to the applied load ratio. Indeed, adding a constant load component to both the minimum and maximum load configurations, the resulting local stress ratio is always larger than the applied load ratio, as schematically shown in Fig. 18 , leading to a reduction of the crack growth rate as predicted by the adopted delamination growth law presented in Eq. (19) .
Fig. 18 Difference between applied load ratio and local stress ratio in presence of constant load component.
Furthermore, from Fig. 17 it is evident that the difference between the results decreases when the mode II displacement is reduced because the value of the local stress ratio decreases and approaches to the applied load ratio.
These observations are also confirmed by the graph in Fig.19 where it is reported the local stress ratio evaluated at the crack tip during the FE analysis compared with the values predicted by the analytical model. It can be observed that the values of the local stress ratio calculated using the "Min-Max Load Approach" are in excellent agreement with the analytical solutions, except for the first part of the graph which represents only a couple of hundreds of cycles over a total of million cycles. These differences are due to the fact that the analytical model does not take into account the formation of the process zone during the initial quasi-static step.
As expected, increasing the mode II displacement, the difference between the value of the local stress ratio and the applied load ratio increases. Furthermore, Fig. 19 also shows how the local stress ratio is not constant with the number of cycles and, for this particular problem, tends to increase as the delamination grows.
V. Conclusions
A new strategy for the simulation of fatigue delamination propagation, called "Min-Max Load Approach", is proposed. The new methodology, based on the Cohesive Zone Model technique, is able to dynamically capture the local stress ratio during the evolution of the damage. A single simulation is performed with two models representing the same structure but with different applied loads. One model represents the deformed shape of the structure when the applied load is equal to the minimum value of the fatigue cycle, and the other one represents the deformed configuration of the structure at the maximum load. Using the minimum and the maximum values of the energy release rate taken from the two models, it is possible to evaluate the local stress ratio. The subroutine UMAT is adopted in ABAQUS to implement the cohesive damage, allowing the two models to communicate with each other exchanging information in terms of energy release rate and damage propagation. The methodology has been validated by performing analyses on DCB and MMB specimens. Then, the "Min-Max Load Approach" has been adopted to numerically investigate a specimen equal to the MMB but with modified loading conditions such as to produce a variable local stress ratio different from the applied load ratio. An analytical model based on the Corrected Beam Theory has been employed to validate the outcomes of the numerical simulations. The results of the analyses indicate that the approach is able to correctly predict the fatigue delamination propagation without introducing any information regarding the applied load ratio in the damage constitutive model. Indeed, the local stress ratio is calculated during the analysis allowing capturing any possible changes of its value along the delamination front and during the delamination evolution.
The work will be extended to other situations where the local stress ratio changes during the delamination evolution, such as the case of a structure subjected to fatigue compressive load in post-buckling regime.
